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Many authors have proposed to identify the elastic constants by iterative procedures adopting Rayleigh-Ritz and finite element as numerical methods. The difference among the identification techniques based on these iterative procedures is basically in the way as the optimization problem is formulated, for example, the type of adopted search method to find the minimal, the boundary conditions, the geometric characteristics of the samples, the type of anisotropy of the test material, the type of experimental devices, and the numerical method used to compute the mode shapes (or operational modes) with their respective frequencies (Deobald & Gibson, 1988; Pedersen & Frederiksen, 1992; Lai & Lau, 1993; Ayorinde & Gibson, 1995; Rikards & Chate, 1998; Ayorinde & Yu, 1999 Rikards et al., 1999; Bledzki et al., 1999; Hwang & Chang, 2000; Araujo et al., 2000; Chakraborty & Mukhopadhyay, 2000; Rikards et al., 2001; Lauwagie et al., 2003; Lauwagie et al., 2004; Lee & Kam, 2006; Cugnoni et al., 2007; Bruno et al., 2008; Diveyev & Butiter, 2008a , 2008b . In works that do not use iterative process, natural frequencies and mode shapes, or operational frequencies and modes, are input data of an algorithm based on the differential equation that governs the transversal vibration of sample in a specific direction and under specific boundary conditions (Gibson, 2000; Alfano & Pagnotta, 2007) . In this methodology, it can be included the use of Virtual Fields Method, VFM (Grédia, 1996 (Grédia, , 2004 Grédiac & Paris, 1996; Grédiac & Pierron, 1998 Pierron et al., , 2007 Grédiac et al., 1999a Grédiac et al., , 1999b Grédiac et al., , 2001 Giraudeau & Pierron, 2003 Chalal et al., 2006; Toussaint et al., 2006; Pierron et al., 2007; Avril et al., 2008; Giraudeau et al., 2006) . For VFM, weighting functions are the called virtual fields. Due to sensitivity to experimental errors and the presence of noise during the dynamic testing, it was proposed the use of specific virtual fields named "special virtual fields" (Grédiac et al., 2002a (Grédiac et al., , 2002b (Grédiac et al., , 2003 . In order to decrease the noise contribution, the use of more accurate experimental modal analysis techniques or the application of some signal smoothing (or filtering) technique is mandatory. The majority of works identifies only the bending stiffness matrix or directly the engineering elastic constants. However, the extensional elastic stiffness matrix is also needed to model composite materials under multi-axial loads. In general, these stiffness matrices are independent. The extensional stiffness matrix relates the in-plane resultant forces to the midplane strains, and, the bending stiffness matrix relates the resultant moments to the plate curvatures. In a laminate composite, if only the stacking sequence of layers is changed, the bending matrix is changed but the extensional matrix remains the same. In other words, different laminates can have different bending stiffness matrices and the same extensional stiffness matrix. It is not possible to obtain the extensional matrix from the bending matrix. It will be possible only if the stacking sequence of layers and their thickness are known and, also, if the material is the same for all lamina. Sometimes, it is more convenient to use effective laminate engineering constants rather than the laminate stiffness. These effective laminated engineering constants may be easily obtained from the extensional elastic constants. However, due to difficulties on experimental in-plane modal analysis, such as the necessity of using specific devices to measure in-plane displacements and to excite high frequencies, the identification of extensional elastic stiffness constants using modal testing is less attractive. The main challenge to perform in-plane vibration testing is the excitation and measurement of only in-plane and not out-of-plane vibration modes. Today there are some new techniques that are suitable for this kind of problems, for example, the excitation by piezoelectric (PZT) and measurements by digital image correlation. In this chapter, a review about the VFM applied to compute bending elastic stiffness constants proposed by Grédiac & Paris, 1996 is presented. Furthermore, a formulation based on the VFM is proposed in order to identify the extensional elastic stiffness matrix of Kirchhoff's thin plates. The linear system of equations that provides the required elastic constants is obtained from differential equations that govern the forced vibration of anisotropic, symmetric and non-damped plates under in-plane loads. The common procedures to find the weak form (or integral form) of these equations are applied here. The correct choice of weighting functions (which are the virtual fields) and mode shapes represents a key characteristic to the accuracy of the results. Numerical simulations using anisotropic, orthotropic, quasi-isotropic plates are carried out to demonstrate the accuracy of the methodology.
Identification of elastic constants using VFM

Review of the Virtual Fields Method -VFM
The VFM has been developed for extracting constitutive parameters from full-field measurements and it is associated to problems of identification of parameters from constitutive equations. Two cases are clearly distinguished: constitutive equations depending linearly on the constitutive parameters and non-linear constitutive equations. The type of constitutive equations is chosen a priori for its relevancy and objective of it is to determine the parameters which govern the constitutive equations. The main difficulty comes from the fact that the measured displacement or strain components are generally not directly related to the unknown parameters , and no closed-form solution for the displacement, strain and stress fields is available. Mathematically, the VFM is based on the principle of virtual work and can be written as:
.
where V is volume of the solid, σ is the actual stress tensor, ε * is the virtual strain tensor, T is the distribution vector of loading tractions acting on the boundary, S f is the part of the solid boundary where the tractions are applied, u * is the virtual displacement vector, f is the distribution of volume forces acting on V, ρ is the density and γ the acceleration. Eq. (1) is verified for any kinematically admissible virtual field (u *, ε * ). Kinematically admissible means that u * must be continuous across the whole volume and it must be equal to the prescribed displacement on the boundary S f where displacements are prescribed. Let's introduce the constitutive equations in the general case as:
where g is a function of the actual strain. Thus, when constitutive equations are introduced and volume forces are disregarded, Eq. (1) can be rewritten as:
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where indices j and k represent a specific mode shape; and S is the plate domain. Elements of the matrix of Eq. (5) 
Eq. (5) can be represented in matrix form as:
where, considering L as the number of modes used in the linear system of equations, K is a 3L x 6 matrix, D is a 6 x 1 matrix, and C is a 3L x 1 matrix. As can be seen, Eq. (7) is an overdetermined system of equations. The solution can be found by least squares:
Identification method of the extensional elastic stiffness matrix
In the general case of composite laminates, each lamina is assumed to have orthotropic material properties. After the assembly, the behavior can be anisotropic due to the interaction of different laminas. Considering a plate under plane state of stress and using Hooke's generalized law, stresses can be integrated over its thickness yielding the following force-deformation equations:
where N and M are vectors that contain normal forces and resultant moments, respectively, A is the extensional elastic stiffness matrix, B is the coupling elastic stiffness matrix (B is a null matrix in the case of a symmetric laminate), D is the bending elastic stiffness matrix, ε and κ are vectors that contain middle plane linear strains and rotations, respectively. vibration (the plate is not under bending) and using the equilibrium relations, the following equations can be written: ,, , 
where A ij are the elements of matrix A (i,j = 1,2,6); ρ is the mass density; h is the plate thickness; x and y are the coordinates in the plate plane; t is the time, and u (x,y,t) and v(x,y,t) are functions that represent the displacements along x and y direction, respectively, of a point with coordinates (x,y) of the plate at an instant t. Multiplying Eq. (10) by a weighting function W(x, y) and integrating along the domain of the plate, we can obtain: 22  2  2   11  16  66  16  22  2   22  2   12  66  26  22 ,, ,
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where Ω is the plate domain. Using chain rule, i.e.,
where f and g are any two continuous functions, and Green's theorem, i.e.,
where Γ is the boundary domain, and n x is the component of the normal unity vector in directions x, the left hand side terms of Eq. (12) 
where N x and N y are axial forces per unit length along directions x and y, respectively, N xy is the shear force per unit length along plane xy, ε x and ε y are the middle surface axial strain along directions x and y, respectively, and γ xy is the shear angular strain along plane xy. Rewriting Eq. (16), one obtains: 
Multiplying Eq. (17) by a weighting function W and by n x , which is the x component of unit normal vector n, and integrating on the boundary Γ, one obtains: 
Substituting Eqs. (20) and (21) 
Now, if free-edge boundary conditions are considered, boundary integrals of Eq. (22) vanish. Considering that the plate is vibrating, functions u and v can be written as:
where  is the in-plane natural frequency associated to any in-plane mode, and U(x,y) and V(x,y) are the displacement amplitudes along directions x and y, respectively, of a point with coordinate (x,y). In this sense, the amplitude is only a function of coordinates x and y.
Eliminating the boundary integrals of Eq. (22), substituting Eqs. (23) and (24) 
Now, if the same previous mathematical procedures used in Eq. (10) 
Choice of the weighting functions
Eqs. (25) and (26) are theoretically valid for isotropic, orthotropic, or anisotropic plates, provided that the laminate is symmetrical. As it can be seen, the function W is arbitrary since itself and its first order derivative is continuous in the domain Ω. Amplitudes U(x,y) and V(x,y), and frequencies j  are obtained from dynamic tests. Dimensions of the plate and parameters  and h can also be easily measured on the sample plate. Thus, the next steps are the choice of a suitable numerical method to compute the derivatives and integrals in Eqs. (25) and (26). Furthermore, suitable mode shapes and weighting functions should be chosen. In this work, finite differences and Gauss-Legendre numerical integration scheme are used to compute these derivatives and integrals, respectively. For numerical reasons, modes with several sign changes in the mode shape are avoided because their numerical derivatives and integrals are more sensitive to errors (Grédiac & Paris, 1996) . Generally, first modes present more smooth curvatures and are, at the same time, easier to be obtained experimentally. It is worth noting that in-plane modal analysis presents much higher frequencies than transverse modal analysis (bending modes). This is because stiffness along direction x and y is much higher than stiffness along the transversal direction of the plate. For numerical reasons, smooth mode shapes associated with smooth weighting functions are preferred. For all these reasons, and in order to simplify Eqs. (25) and (26) . (28) W(x, y) = y 2 , which applied to Eqs. (25) and (26) 
. (30) W(x, y) = 2xy, which applied to Eqs. (25) and (26) 
Defining:
Eqs. (34) 
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where, considering L modes, K is a 6L x 6 matrix in Eq. (40), A is a 6 x 1 matrix, and C is a 6L x 1 matrix in Eq. (40). Eq. (40) is an over determined system. Thus, the solution can be found by least squares:
from where the extensional elastic constants A ij are computed.
Results and comments
A commercial finite element code (ANSYS 11.0) was used to give particular mode shapes and their corresponding natural frequencies from both in-plane and out-of-plane numerical modal analysis. Element SHELL99 was used and plates under free-edge boundary conditions were considered.
To exemplify the method proposed by Grédiac and Paris (1996) , it was used an anisotropic plate with dimensions 0.450 x 0.350 x 0.0021 m and density 1500 kg/m 3 . It was used a laminate with 8 plies, [0 45 90 135] S , and the following engineering elastic constants by ply: E 1 =120 GPa (Young's module along the principal direction 1), E 2 =10 GPa (Young's module along the principal direction 2), G 12 =4.9 GPa (shear module along the plane 1-2), and ν 12 =0.3 (Poisson's ratio along the plane 1-2). A mesh of 651 nodes was used. Fig. 2 shows the three modes used to identify the required properties. As can be seen, depending on type of material anisotropy, it is not possible to find all three modes necessary to apply the method. In this case, it is necessary to find the more approximated ones. Table 1 shows the bending elastic stiffness constants computed using the engineering constants and the classical theory of laminates, and it also shows the errors computed after applying the identification method. As can be observed, the technique is able to find very satisfactory results when it is used the correct modes. The problem of this technique is the high sensitivity to noise presence because of second-order derivatives. More results and comments about this method can be found in Grédiac & Paris, 1996. In order to verify the accuracy of the extensional elastic stiffness identification method, it was used six graphite/polymer symmetric laminated plates ( Table 2 . The terms "Aniso", "Ortho" and "Quasi-iso" are simplifications of "Anisotropic", "Orthotropic" and "Quasi-isotropic", respectively. Only the first fifteen mode shapes were analyzed. As can be seen in Table 3 shows some errors computed for the anisotropic plate, rectangular and square. It was considered only the first fifteen in-plane modes shapes. Anisotropic plates, in general, give very satisfactory results using the combinations among suitable modes. This factor can be justified by the fact of these combinations be hardly involved with all required extensional elastic constants A ij 's. The numerical contribution of each mode to the computation of a specific constant cannot be jeopardized by numerical contribution of another mode during the solution of the system given by Eq. (40). The suitable modes are those that when associated with weighting functions do not null or give very low values for integrals of the right (K matrix) and/or left (C matrix) hand sides of Eq. (40). The suitable combinations are one composed by suitable modes and that give more accurate results. In the majority of the cases, combinations using a higher number of suitable modes can be suitable combinations. According to Table 3 is possible to see that using combinations with only two suitable modes very satisfactory results can be obtained. Satisfactory results would also be obtained using combinations with any modes since the number of suitable modes among all used modes is higher than nonsuitable modes. But the accuracy of these results cannot be guaranteed for all combinations.
[0 90 0 90] S orthotropic plate (ortho I)
In general, for the orthotropic and isotropic materials is more difficult to find the suitable combinations when it is compared to fully anisotropic materials. It is necessary to take care to correctly identifying the combinations that give the best results. In these types of materials not all combinations are among suitable modes that can be considered as being suitable combinations. According to values found to terms of the K and C matrices, Eq. (40), and using combinations among suitable modes, it is possible to see the following types of systems:
For the rectangular plate:
Type 1: 00 00 00 000 00 00 0 00 00 0 0000 0 0 00 0
Anisotropic rectangular plate -suitable modes: 2, 3, 6, 9, 10, 13, and 14 Table 3 . Errors computed for the anisotropic plate using some suitable combinations.
where I 1 , I 2 , I 3 , I 4 , I 5 , I 6 , and I 7 are the integral values of Eq. (40). These integrals can be negatives or positives depending on strain direction and reference coordinate axis. As can be observed, for these two types of systems, Eq. (42) Table 8 . Errors computed for the quasi-isotropic plate using some suitable combinations.
Figs. 3 to 14 show the fifteen first in-plane mode shapes to all the analyzed plates: rectangular and square geometry. 
Conclusions
The identification of elastic properties using VFM has shown to be a very efficient technique since the correct combinations among mode shapes and weighing functions are used. This factor is the key point to find the correct results. However, the identification of these suitable combinations is not so simple in some situations, mainly to the extensional elastic stiffness identification method. Fortunately, there are some characteristics that can help to find such combinations, as it was shown here. A great advantage of this method is related to the large number of possibilities to make combinations able to give very satisfactory results.
